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We present a generic mechanism that explains why many Kondo materials show magnetic ordering
along directions that are not favoured by the crystal-field anisotropy. Using a renormalization-group
(RG) analysis of single impurity Kondo models with single-ion anisotropy, we demonstrate that
strong fluctuations above the Kondo temperature drive a moment re-orientation over a wide range
of parameters. In tetragonal systems this can happen for both easy-plane or easy axis anisotropy.
The characteristic crossing of magnetic susceptibilities is not an artefact of the RG treatment but
can be reproduced in brute-force perturbation theory. Finally, we demonstrate that anisotropic
fluctuations on the single-ion level and the fluctuation-induced anisotropy of RKKY interactions
cooperate to drive magnetic hard-direction ordering.
Fluctuations are at the heart of many complex order-
ing phenomena, leading to the formation of exotic phases
of matter. Examples include nematic order in iron-based
superconductors [1, 2], driven by strong spin fluctuations
above the magnetic ordering temperature [3], and p-wave
spin-triplet superconductivity near ferromagnetic quan-
tum critical points [4, 5]. In the latter case, the required
attraction in the p-wave channel is generated by fluctua-
tions. This mechanism is very similar in spirit to fluctu-
ation generated Casimir and Van-der-Waals forces [6].
In itinerant ferromagnets the coupling between the
magnetic order parameter and soft electronic particle-
hole fluctuations leads to a plethora of exotic order-
ing phenomena [7]. It is responsible for fluctuation in-
duced first-order behaviour at low temperatures [8–11],
observed experimentally in many systems [12–16]. Since
the phase space for electronic fluctuations can be en-
hanced by deformations of the Fermi surface, metallic
ferromagnets are very susceptible towards the formation
of spin nematic [9], modulated superconducting [17] or
incommensurate magnetic order [18–22].
Fluctuations can also have counter-intuitive effects
upon the direction of magnetic order parameters. A no-
table example is the partially ordered phase of MnSi, in
which the helimagnetic ordering vector rotates away from
the lattice favored directions [23, 24]. Magnetic hard-axis
ordering in metallic ferromagnets is fairly wide spread
[25, 26]. Such a moment re-orientation can arise as com-
bined effect of fluctuations and magnetic frustration in
a local moment model [27]. In an alternative scenario
the effect was attributed to soft electronic particle-hole
fluctuations in a purely itinerant model with spin-orbit
induced anisotropy [28].
In this Letter we show that electronic fluctuations can
drive magnetic hard-axis ordering in anisotropic Kondo
materials. As first established by Kondo [29], the scat-
tering of electrons by local moments gives rise to loga-
rithmic corrections to the magnetic susceptibility. In the
presence of magnetic anisotropy, these logarithmic cor-
rections depend upon direction. Near the Kondo scale,
these terms can completely overwhelm the crystal-field
anisotropy experienced by the local moment, driving a
moment re-orientation.
We identify a generic mechanism for magnetic hard-
axis ordering that fully accounts for the following exper-
imental facts [25]: (i) All the materials that show hard-
axis ordering are Kondo systems with a Kondo temper-
ature TK that is comparable to the magnetic ordering
temperature Tc. (ii) The susceptibility crossing occurs
slightly above Tc. (iii) In tetragonal systems the moment
reorientation can occur from easy plane to hard axis [30–
33], or the other way round, from easy axis to hard plane
[34, 35]. (iv) The effect also occurs in systems that show a
first-order magnetic transition [36, 37]. (v) Similar mag-
netic hard-axis ordering is observed in Kondo systems
that order antiferromagnetically [38–40].
Model.– Since the magnetic susceptibility crossing oc-
curs above Tc ' TK , irrespective of the order of the tran-
sition and the nature of the ordered state, the dominant
effect can be understood on the level of a single-impurity
Kondo model with single-ion anisotropy,
Hˆ =
N∑
n=1
|k|<Λ∑
k
kψ
†
knψkn + αΛ
(
Sˆz
)2
(1)
+
N∑
n=1
∑
k,q
∑
γ=x,y,z
Jγ Sˆ
γψ†knσγψqn.
Here ψ†kn = (c
†
kn↑, c
†
kn↓) with c
†
knσ the creation opera-
tor of an electronic quasiparticle with momentum k and
spin σ in channel n = 1, . . . N . The first term simply
denotes N identical bands with dispersion k, subject to
an energy cut-off Λ. The second term is the single-ion
anisotropy of the local moment spin (s ≥ 1) in a tetrag-
onal crystal, expressed in units of Λ. In the following we
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2will investigate both easy-axis (α < 0) and easy-plane
(α > 0) anisotropies. The last term in the Hamiltonian
denotes the Kondo coupling between the impurity spin
and the conduction electrons, where σγ are the standard
Pauli matrices. Assuming tetragonal symmetry we have
Kondo couplings Jxy := Jx = Jy and Jz.
Renormalization Group.— To analyze the scale de-
pendence of the single-ion anisotropy α and the Kondo
couplings Jxy and Jz, we integrate out processes to sec-
ond order in the Kondo couplings that involve the cre-
ation of particles or holes in the infinitesimal energy
shell Λe−d` < |k| < Λ. This procedure, dubbed “poor
man’s scaling”, was first applied by Anderson [41] to
the anisotropic s = 1/2 one-channel Kondo model. For
s = 1/2, anisotropy only enters through the Kondo cou-
plings Jxy and Jz.
Here we generalize to N channels and an s ≥ 1 impu-
rity subject to single-ion anisotropy. Moreover, in the
spirit of the conventional renormalization-group (RG)
treatment we rescale to the original cut-off at each RG
step. A detailed derivation of the general RG equations
is given in the supplementary material [42]. Since the
qualitative behaviour of the RG flow is the same for all
values of s ≥ 1 and N , we focus on the case with s = 1
and N = 2 from now on. The resulting weak-coupling
RG equations are given by
dgz
d`
= g2xy(1 + α),
dgxy
d`
= gxygz(1− α
2
),
dα
d`
= α+ 2
(
g2xy − g2z
)− 6g2xyα, (2)
where gγ = 2ρJγ are the dimensionless Kondo couplings.
For simplicity, we have adopted the usual assumption [41]
of a constant density of states ρ. The scale parameter `
is related to temperature, ` = log(Λ/T ).
In the absence of anisotropy, gxy = gz and α = 0,
the system remains isotropic under the RG flow, as ex-
pected. For α = 0, the RG equations for gxy and gz take
the familiar form [41]. In the relevant regime of antifer-
romagnetic Kondo couplings the flow is towards strong
coupling, gγ →∞, corresponding to the Kondo regime.
This picture is incomplete, however, since the
anisotropy in the Kondo couplings generates single-ion
anisotropy due to the 2
(
g2xy − g2z
)
term in the RG equa-
tion for α. This leads to a flow out of the α = 0 plane.
For gxy > gz the flow is to positive α, corresponding
to easy-plane anisotropy, while for gxy < gz an easy axis
anisotropy is generated. Finite α modifies the RG flow of
the Kondo couplings, e.g., easy-plane anisotropy (α > 0)
leads to gz growing faster than gxy. The interplay of these
effects ultimately leads to the moment re-orientation that
is the main subject of this work.
In Fig. 1, the evolution of the coupling constants under
the RG is shown. For the trajectories (A), (B) and (C)
we have chosen an easy-plane anisotropy α(0) = 0.1 and
initially isotropic Kondo couplings, gxy(0) = gz(0). In
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FIG. 1. RG flow of the single-ion anisotropy α and Kondo
couplings gxy, gz. The direction of the flow in three di-
mensional parameter space is shown by blue arrows. The
trajectories (A),(B),(C) correspond to an initial easy-plane
anisotropy α(0) = 0.1 and increasing values of gxy(0) = gz(0):
(A) For weak gγ(0) the anisotropy stabilizes the moment and
supresses Kondo screening. (B) For intermediate values of
gγ(0), α changes sign before gγ diverge. This indicates a
moment re-orientation above the Kondo temperature. (C)
For large gγ(0) the Kondo scale is reached before moment re-
orientation can occur. (A′),(B′) and (C′) show the analogous
behaviour for an initial easy-axis anisotropy α(0) = −0.1.
the regime of weak Kondo coupling (A), α keeps grow-
ing under the RG and eventually hits the value α = 1
beyond the validity of the RG equations. This behaviour
indicates that the single ion anisotropy stabilizes the mo-
ment, preventing Kondo screening. For (B) the growing
Kondo couplings reverse the flow of α At some scale `0,
corresponding to a temperature T0 = Λe−`0 , α changes
sign, indicating a re-orientation of the moment. At a
larger scale `∗ > `0 the rapidly increasing Kondo cou-
plings becomes of order 1, corresponding to the Kondo
temperature TK = Λe−`
∗
< T0. If the initial Kondo
couplings are too large (C), the Kondo scale is reached
before a moment re-orientation can occur. The trajecto-
ries (A′), (B′) and (C ′) show the completely analogous
behaviour for the case of easy-axis anisotropy.
In order to identify the parameter regimes over which
hard-direction ordering occurs, we integrate the RG
equations (2) for a wide range of initial parameters up to
a scale `max where either |α(`max)| = 1 or gγ(`max) = 1.
The resulting phase diagrams are shown in Fig. 2 as a
function of α and the mean Kondo coupling g = (gxy +
gz)/2 for different values of the anisotropy ∆ = gxy − gz
of the Kondo couplings. These parameters refer to the
bare (initial) coupling constants.
For ∆ = 0 [Fig. 2(a)] the regions of hard-axis order-
ing in systems with easy-plane anisotropy (α > 0) and
hard-plane ordering in the case of easy-axis anisotropy
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FIG. 2. The regions of parameter space, where moment re-
orientation takes place. Hard-direction ordering corresponds
to trajectories of type (B) and (B′) in Fig. 1.
(α < 0) are relatively symmetric. For a given value of α
there exists a range gmin(α) < g < gmax(α) over which
hard-direction ordering occurs. This range shrinks with
increasing |α|. For a given value of g, hard-direction or-
dering is not possible beyond a critical value of |α|. This
is consistent with experimental observations [25].
An anisotropy ∆ of the Kondo couplings leads to a
significant asymmetry between the regions of hard-axis
and hard-plane ordering. For gxy < gz (∆ < 0) hard-axis
ordering is enhanced and hard-plane ordering suppressed
[Fig. 2(b)]. The opposite is observed for ∆ > 0 [Fig. 2(c)].
In both cases, finite ∆ leads to re-entrant behaviour in
the suppressed region.
Impurity Susceptibility.— We have identified the mo-
ment re-orientation to a magnetic hard direction as due
to a sign change of the single-ion anisotropy under the
RG flow. In the following we will show that this goes
hand in hand with a crossing of the susceptibilities χimpz
and χimpx = χimpy , which are defined as
χimpγ ≡
∫ β
0
dτ〈Sˆγ(τ)Sˆγ(0)〉. (3)
At temperatures close to the Kondo temperature TK ,
the free impurity susceptibility acquires strong correc-
tions due to Kondo screening. However, provided we are
above TK , we can use the RG equations to map the model
to an effective one at high temperatures of the order of Λ,
where Kondo screening can be safely neglected. Specifi-
cally, the RG mapping that achieves this is
{T, α, gγ} RG for `=log Λ/T→ {T (`) = Λ, α(`), gγ(`)},
where gγ(0) = gγ , T (0) = T , α(0) = α are the bare
parameters describing our model, and gγ(`), T (`) = Λ,
α(`) are the parameters of the effective high-temperature
model. The impurity susceptibility of the two models is
related by a factor of e` [42],
χimpγ (T, α, gγ) = e
`χimpγ (Λ, α(`), gγ(`))
≈ Λ
T
χfreeγ (Λ, α(log(Λ/T )) (4)
In the last approximation we have used the fact that
Kondo corrections to the susceptibility χfreeγ of a free im-
purity are of the order of g2γ(l) log(Λ/T (l)). These correc-
tions are reduced by the RG mapping (even though gγ(l)
is increased), and are negligible in the high-temperature
effective model, where T (l) = Λ. Hence, above TK , the
system is described by the susceptibilities of a free s = 1
impurity,
χfreez =
2e−αΛ/T
TZ imp
, χfreex,y =
2
(
1− e−αΛ/T )
αΛZ imp
, (5)
with Z imp = 1+2e−αΛ/T , and a renormalised anisotropy
α→ α(` = log Λ/T ). In Fig. 3(a) the resulting tempera-
ture dependence of χimpz and χimpx,y for a system with easy-
plane anisotropy α = 0.25 and Kondo couplings gγ = 0.2
is shown. The susceptibilities cross at the temperature
T0 where α changes sign. At this temperature the suscep-
tibility χfreez of a free impurity would be essentially zero
since T0 is about an order of magnitude smaller than
the crystal level spacing αΛ. This shows that because of
Kondo resonance we cannot neglect the virtual occupa-
tion of excited states.
Since the moment re-orientation occurs above TK one
should be able to observe the effect by calculating the
magnetic susceptibilities in second-order perturbation
theory in the Kondo couplings. This calculation was first
performed by Kondo for the isotropic system [29] and
later generalized to study the effects of a hexagonal crys-
tal field in dilute alloys [43]. Unfortunately, the authors
only calculated χimpz along the easy direction, not antic-
ipating a susceptibility crossing close to TK [44].
Since, to the best of our knowledge, results for χimpx,y
are not available in the literature, we present a calcula-
tion in the supplementary material [42]. As anticipated,
a crossing of the susceptibilities can be obtained in per-
turbation theory, regardless of the number of channels N ,
which simply enters in the prefactor Ng2γ of the perturba-
tive correction, and for all spin values s ≥ 1. In Fig. 3(b)
we show an example of a susceptibility for s = 5/2.
RKKY interaction and magnetic order.— Next we
analyse the effects of collective behaviour near a continu-
ous magnetic ordering transition. We do not address the
competition between Kondo screening and RKKY inter-
actions [45, 46] but simply assume that the system orders
magnetically at a temperature Tc ' TK . We further as-
sume that the moment re-orientation is driven by Kondo
fluctuations above TK and do not included the potential
for a cooperative effect of critical fluctuations that could
drive a moment re-orientation even in the absence of of
Kondo physics [27, 28].
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FIG. 3. Susceptibility crossings of Kondo models with easy-
plane anisotropy at T0 > TK , obtained by RG (a) and second-
order perturbation theory (b). Such moment re-orientation
can be found for all values of N and s ≥ 1. (c) Collective
susceptibilities of a Kondo-lattice model near a magnetic or-
dering transition. Strong local fluctuations and the induced
anisotropy of RKKY interactions cooperate to drive hard-axis
ordering.
Long range magnetic order in a Kondo lattice system is
a result of the RKKY interaction between local moments,
HˆRKKY = −1
2
∑
γ=x,y,z
∑
q
jγχ(q)Sˆ
γ(q)Sˆγ(−q), (6)
which is second order in the Kondo couplings, jγ = g2γ/ρ2.
The RKKY interaction flows under the RG because of
the renormalisation of the Kondo couplings gγ . The mo-
mentum dependence of the interaction enters through
the Pauli susceptibility χ(q) of the conduction electrons,
which determines the magnetic ordering vector. For sim-
plicity we focus upon ferromagnetic instabilities, which
are expected for systems without Fermi surface nesting,
and neglect any temperature dependence of the Pauli sus-
ceptibility by taking χ(0) = χ0 = Nρ/2.
Treating the RKKY interaction between local mo-
ments (6) in the mean-field approximation, alongside the
local Hamiltonian, we obtain the collective local moment
susceptibilities [42],
χγ(T ) =
χimpγ (T )
1− χimpγ (T )jγ(T )χ0
, (7)
where jγ(T ) = g2γ(log Λ/T )/ρ2 is the running RKKY in-
teraction.
In the absence of RKKY coupling, jγ = 0, this ex-
pression simply reduces to the magnetic susceptibility
χimpγ (T ) of the anisotropic single-impurity Kondo model.
As temperature is lowered, the renormalized RKKY in-
teractions jγ(T ) grow and the magnetic order will de-
velop with moments pointing along the direction γ where
jγ(T )χ
imp
γ (T ) is maximum.
Consider the specific case of easy-plane anisotropy,
α = 0.25, and Kondo couplings gγ = 0.2. In this case,
our RG analysis shows a susceptibility crossing of χimpx,y
and χimpz at a temperature T0 > TK (Fig. 3(a)). Below
T0, local fluctuations alone would cause the moments to
point along the hard axis. The induced anisotropy in the
RKKY interactions strongly enhances the effect. From
the RG equations (2) it follows that for α > 0, gz grows
faster than gxy, and therefore jz(T ) > jx,y(T ) even above
T0. Due to this cooperative effect, the collective suscepti-
bilities in the presence of RKKY interactions (Fig. 3(c))
cross at a higher temperature, T˜0 > T0. At Tc < T˜0, χz
diverges, indicating magnetic hard-axis ordering. The
situation is completely analogous for a system with easy-
axis anisotropy. As shown in the supplementary mate-
rial, very similar result can be obtained in second-order
perturbation theory for different values of N and s [47].
Discussion.— In this Letter we have presented an RG
analysis of the single-impurity Kondo model with single-
ion anisotropy. Our main finding is that fluctuations near
the Kondo temperature TK can drive a re-orientation of
the moment away from the lattice favoured direction at
T0 > TK . This hard-direction ordering occurs over a wide
range of parameters and for different types of anisotropy.
As additional proof of principle, we have shown that a
crossing of magnetic susceptibilities occurs in second-
order perturbation theory, for all values of N and s ≥ 1.
It would be interesting to study the effects of
anisotropy below TK , using the Bethe Ansatz or Numeri-
cal Renormalization Group (NRG). Previous NRG stud-
ies [48] analyzed the effects of single-ion anisotropy on the
Kondo screening mechanism and on possible non-Fermi-
liquid behaviour, but did not investigate the behaviour
of magnetic susceptibilities along different directions.
Advances in Nanotechnology and scanning tunnelling
microscopy have led to a revival of the Kondo effect [49],
thanks to unprecedented control on the level of single
magnetic ad-atoms on metallic surfaces [50–52] or artifi-
cial magnetic elements in quantum dots [53, 54]. Such ex-
periments could in principle probe the fluctuation-driven
re-orientation of a single magnetic impurity.
Our RG analysis shows that at temperatures below the
susceptibility crossing, the RKKY interaction along the
hard direction is significantly enhanced. As a result, the
susceptibility along this direction diverges first, giving
rise to magnetic hard-direction ordering. The mechanism
presented here is rooted in the interplay of Kondo fluctu-
ations and anisotropy on the single-impurity level. This
would explain why hard-direction ordering is observed in
5a range of Kondo lattice systems, irrespective of the or-
der and universality of the magnetic phase transition [25]
and for both ferromagnetic [26] and antiferromagnetic or-
dering [38–40].
We argue that the magnetic hard-direction ordering
observed in a wide range of materials is predominantly
driven by strong Kondo fluctuations. This mechanism
might be further enhanced by soft electronic particle-hole
fluctuations that can lead to moment re-orientation near
ferromagnetic critical points [28]. Such a combined mech-
anism could be at play in YbNi4P2 which shows strong
quantum critical fluctuations [34].
Our work shows that strong fluctuations in anisotropic
Kondo materials can drive magnetic hard-direction order-
ing. It is to be expected that the interplay of collective
critical fluctuations and Kondo physics will lead to many
more unexpected ordering phenomena that are yet to be
revealed.
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